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Multipliers of pg-Bessel sequences in Banach 

spaces 
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Abstract 

In this paper, we introduce (p, q)g —Bessel multipliers in Banach 
spaces and we show that under some conditions a (p, q)g —Bessel mul¬ 
tiplier is invertible. Also, we show the continuous dependency of 
(p, q)g —Bessel multipliers on their parameters. 
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1 Introduction 

Frames have been introduced by J. Dufhn and A.C. Schaeffer in na , in 
connection with non-harmonic Fourier series. A frame for a Hilbert space is 
a redundant set of vectors which yield, in a stable way, a representation for 
each vector in the space. The frames have many nice properties which make 
them very useful in the characterization of function space, signal processing 
and many other fields. See the book mi and the references of the paper [16] . 
The concept of frames was extended to Banach spaces by K. Grochenig in 
D3 to develop atomic decompositions from the paper HE See also 0. uni. 
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Definition 1.1. Let X be a Banach space. A countable family { g, W C x* 
is a p-frame for X, 1 < p < oo, if there exist constants A, B > 0 such that 

-4||/l|jr < (X>(/)n* <B||/llx, fex. 

iei 

G-frame as a natural generalization of frame in Hilbert spaces, were in¬ 
troduced by Sun j22j in 2006. G-frame cover many previous extensions of a 
frame. For some properties of p-frames, we can refer to [HEl 13- 

Definition 1.2. Let "H be a Hilbert space and be a sequence of 

Hilbert spaces. We call a sequence {A, G B(H, "H/) : i G 1} a g-frame for V. 
with respect to {"%}*£/ if there exist two positive constants A and B such 
that 

-4||/II 2 <EII a */II 2 ^ b M 2 . /£*■ 

i&I 

We call A and B the lower and upper g —frame bounds, respectively. We call 
{Aj} jg j a tight g-frame if A = B and Parseval g -frame if /I = B = 1. 

Bessel multipliers for Hilbert spaces are investigated by Peter Balazs [3, 
ElE] . We use the following notations for sequence spaces. 

(1) c 0 = {{a n }^ =1 C C : lim, woo a n = 0}; 

(2) l p = {{a n }™ = i C C : ||a|| p = (EneN \ a n\ p ')' < oo}, 0 < p < oo; 

(3) l°° = C C : Halloo = sup neN |a„| < oo}. 

Definition 1.3. Let 1~L\ and PQ be Hilbert spaces. Let {./j}E 3 'H l and 
{^7i}i^=i Q %2 be Bessel sequences. Fix m = {m;}“ 1 G l°°. The operator 

OO 

^-ra.f/iLBd ■ ~^ ”^2, ~ ^ ' m i{fi fi)di 

i=1 

is called the Bessel multiplier of the Bessel sequences {/i}^ and {.9 i}Ei • 
The sequence m is called the symbol of M 

Multipliers for p-Bessel sequences in Banach spaces were introduced in [TU] . 
Also p-Bessel multipliers were investigated by Rahimi |_f8j. I n this note, 
by mixing the concepts of multipliers for p-Bessel sequences and (/-Bessel 
multipliers, we will define multipliers for the pg -Bessel sequences (pg— frames) 
and we will investigate some of their properties. 

In our opinion, it is possible that the results of this paper can be applied 
in Quantum Information Theory. A beautiful presentation of the connections 
between frames and POVM is the paper ra- See also m- 
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2 Review of pg-frames and qg-Riesz bases 

In [2], pg-frames and gg-Riesz bases for Banach spaces have been introduced 
. In this section, we recall some properties of pg-frames and gg—Riesz bases 
from |2], Throughout this section, / is a subset of N, X is a Banach space 
with dual X* and also {Yj} i£ j is a sequence of Banach spaces. 

Definition 2.1. We call a sequence A = {A* G B(X, Yj) : i E 1} a pg— frame 
for X with respect to {£* : i E 1} (1 < p < oo), if there exist A, B > 0 such 
that 


A\W\x< £||A, 


x\ 


< R||x||x, Vx G A". 


( 2 . 1 ) 


. ie/ 


A, B is called the pg-frame bounds of {A 

If only the second inequality in (12.ip is satisfied, {A i} ieI is called a pg-Bessel 
sequence for X with respect to {Tj : i E /} with bound B. 

Definition 2.2. Let {£;}*<=/ be a sequence of Banach spaces. We define 

£© Yij = < {xi} i&I \xi G Y tl £ \\Xi\\ P < +oo 
Vie/ / i p i iei 

Therefore (E ie /0 y i); is a Banach space with the norm 


IIR*}i 


ie/ lip 


£ 

. ie/ 


Xi 


.IIP 


Let 1 < p, q < oo be conjugate exponents, i.e., ^ ^ = 1. If x* — {x*} ie / G 

(Eie/ 0^i*)v then one can show that the formula 

(x,x*) = ^2(x i} x*), x = {xi} i&1 G £*)z p 

ie/ ie/ 

defines a continuous functional on (Eie/0-^Vju whose norm is equal to 


x 


19 - 


Lemma 2.3. |5j/ Let 1 < p, q < oo such that ^ ^ = 1, then 

(£©V)* = (£© y .* 

VieJ / i p \ieJ 

where the equality holds under the duality 

(x,x*) = ^2(xi,x*). 
ieJ 
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Definition 2.4. Let A = {A, E B{X,Yf) : i E /} be a pg-Bessel sequence 
for A with respect to {!/}. We define the operators 


and 


u^-.x^ (e©*) 
r -' : (E© y .‘) 

W J i 


* 


U\(x) = {A ix} i£l 


Thifhjier = 5^ A *9i- 
iei 


( 2 . 2 ) 


(2.3) 


U\ and T\ are called the analysis and synthesis operators of A = {Aj} ie /, 
respectively. 


The following proposition, characterizes the pg-Bessel sequence by the 
operator Ta defined in (12.31) . 

Proposition 2.5. A — {A* E B(X,Yf) : i E 1} is a pg-Bessel sequence 
for X with respect to {Y}iei, if and, only if the operator T'a defined in (j2.3j) 
is a well defined and bounded operator. In this case, JT eJ A*gj converges 
unconditionally for any {gj}j G / E (Eigr® ^*)j • 

Lemma 2.6. JE/ If A = {Aj E B(X,Yf) : i E 1} is a pg-Bessel sequence for 
X with respect to {Y}iei, then 

(i) u:, = T. 

(ii) If A = {A* E B(X, Yf) : i E 1} is a pg-frame for X and all of Yi’s are 
reflexive, then Tf — Ua- 

Theorem 2.7. JE/ A = {Aj E B{X,Yf) : i E 1} is a pg-frame for X with 
respect to {Y}i&i if and only if T\ defined in (12.3]) is a bounded and onto 
operator. 

Definition 2.8. Let 1 < q < oo. A family A = {Aj E B(X,Yf) : i E 1} is 
called a qg— Riesz basis for X* with respect to {Yi} i&1 , if 

(i) {/ : Aj/ = 0 ,i E 1} = {0} (i.e., {Aj}j eJ is ^-complete); 

(ii) There are positive constants A, B such that for any finite subset {Cl 

(Ell® n " 2 II E A .*®ll 2 B (£ || 9 ,||«) ’, g, e Y’. 

\ieh J ieh \i€h / 
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The assumptions of the definition (I2.8j) imply that JT gJ A *g^ converges 
unconditionally for all {pj}j e / £ (E i6 /©*?)v and 




In P], it is proved that if A = {Aj £ B(X,Yi ) : i £ 1} is a gg-Riesz basis 
for X* with respect to {Aj}i e /, then A is a pry-frame for X with respect to 
Therefore A = {A* £ B(X,Yi ) : i £ 1} is a gp-Riesz basis for X* 
if and only if the operator T\ defined in (j2.3[) is an invertible operator from 


(£«©>?),, onto*-. 


Theorem 2.9. Let {Yi\ i&1 be a sequence of reflexive Banach spaces. Let 
A = {A* £ B(X,Yi ) : i £ 1} be a pg-frame for X with respect to {Yi} ie j. 
Then the following statements are equivalent: 

(*) {A,} ig/ is a qg-Riesz basis for X *; 


(ii) U {jh}ici £ (Eie/©*?)/, and Eier A-Pi = 0 then g t = 0 ; 
(in) TZu = (Eie/® ^)i P - 


3 Multipliers for pg-Bessel sequences 


In this section, we assume that X\ and X 2 are reflexive Banach spaces and 
{Yi }“1 is a family of reflexive Banach spaces. Also, we consider p, q > 1 are 

real numbers such that - + - = 1. 

p q 

Proposition 3.1. Let X be a Banach space and let A = {A* £ B(X, lj)}“ 1 
be a pg-Bessel sequence for X with respect to {Vj}^ with the bound B. 

(1) If Q = (0j £ B(X, Vj )}“ 1 is a sequence of bounded operators such that 

(ESillAi-e#)* < K < 00 , then 0 is a pg-Bessel sequence for X 
with bound B + K. 

(2) Let © (n) = {0£ B{X,Y i )}°fl 1 be a sequence of bounded operators 
such that for all e > 0 there exists N > 0 with 



n > N, 


then © (n) is a pg-Bessel sequence and for all n > N, 

II U e (n) — Z7a|| < s, ||T©(n) — Ta|| < £■ 
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Proof. (1) It is easy to show that ®*i.9i converges for any G 

(E“i © Y *)i q ■ Therefore, if {(h}fL\ e (EEi © Y *)i q we have 

oo oo 

IIUtaKi - retftKJl =11 E< A - - e .*)9.ll = - e,/)|| 

i=1 

oo 

— su P||/[i<i ll&H HE/ - ©i/ll 


i=1 


2 — 1 


< (X] 11&11 9 ) su pii/ii<i (he/ - 0 eii ? 


, Z— 1 


. Z— 1 


<v||te}“ 1 ||„ 


and so 

l|re{ 9j }£ 1 || <||re{ 9i }”i - T A { 9i }” 1 || + ||T A { 9i }£ 1 || 

<(B + A-)l|{ 9 i }” 1 |l s . 

Consequently, Proposition 12.51 implies that {0j}“ 1 is a pg -Bessel sequence 
with the bound B + K. 

(2) It follows from (1) that {0/ 1 }iE is a pcpBessel sequence and ||T e (") — 
T\ 11 < £ for all n> N. But for f E X and n > N we have 


n%/ - u eM f\\ r = y, n A -/ - 0 h/r < E » A - - 0 S 


(01 


. Z—1 


, Z—1 


hence ||[/ 0 (n) — U\\\ < e. 


□ 


Proposition 3.2. Let A = {A* G B(X 2 ,Y i )}°fL 1 be a pg-Bessel sequence for 
X 2 with bound B\ and © = {0j G B^X^Y*)}^ be a qg-Bessel sequence 
for XI with bound Bq. If m G /°°, then the operator 


M 


m,A ,0 


: X* X, 


2 i 


M 


m,A,0 


0 ) = X^"hE*©, 


g 


i=1 


is well defined, the sum, converges unconditionally for all g G XI and 

||A^m,A,©|| — -Sa-B©||?Tz||oo- 

Proof. Let g G X*, then G (Ei/i © Y i*)i ■ an d Proposition 12.51 

implies that E/E ^iA*0i(? converges unconditionally and M JTIi a ,0 is well 
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defined. Also we have 


OO OO OO 

|| ^m*A*0^|| =sup w < 1 |(x, J^miAt0^)| = sup w < 1 | ^m i ( 0 i 0 )(A i 2 :)| 

i= 1 i= 1 i= 1 

OO OO 

^PNI^i Sl^lK©^) (Ml < ||m||o 0 SUP || a .||< 1 Eimiia* 
i—1 i=l 

( OO \ q / OO 

5^I|0^IM SUP || X ||< 1 ( ^||Aia;|| p 

<IHU ' B e\\g\\ ■ sup w < 1 (5 A ||x||) 

<||m||oo • B e ■ B A \\g\\. 

Therefore M m A,e is bounded and ||M mj A©|| < .BA-Bellmll^. □ 

Definition 3.3. Let A = {A* G B(X 2 ,Y i )}°l 1 be a pg-Bessel sequence for 
X 2 with bound B A and © = {0 ? ; G B(X^,Y i *)}^ =1 be a gg-Bessel sequence 
for X* with bound 5©. Let m = {m*}^ G l°°. The operator 

OO 

M m , A) e : X{ -0 X*, (3T) 

2=1 

is called the (p, q)g— Bessel multiplier of A, © and m. The sequence m is 
called the symbol of M. 

Proposition 3.4. Let A = {A* G B(X 2 ,Y i )}°Z 1 be a qg-Riesz basis for X 2 
and © = {0j G B(X*, Y*)}^ be a qg-Bessel sequence for X± with non zero 
members. Then the mapping 

m -0- M m , A ,© 

is injective from l°° into B(X*, X 2 ). 

Proof. If M mj A ,0 = 0, then Yl^=i m iA*®ig — 0 for ab 9 £ X*. Then Theorem 
12.91 implies that rn t Q t g = 0 for all i G N and for all g G X*. Since 0* ^ 0 for 
each i G N, we get m* = 0. □ 

Theorem 3.5. Let A = {A* G B(X 2 , lj)}“ 1 be a qg-Riesz basis for X 2 with 
respect to {Yi }°h 1; then there exist a sequence {Aj G B(X 2l Y*)} c *L l which is 
a pg-Riesz basis for X 2 with respect to { Y,fljZi suc h that 

OO 

X* = y>*A t x*, x* G X 2 

i=l 

and A k A* = 5 k}i I. 
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Proof. Since A = {A* G B(X 2 ,Y i )}'?l 1 is a pg -frame for X 2 , Theorem 12.71 
implies that for every x* G X% there exists {gi}°Zi G E“i©^*) ; such 
that x* = Let us define the operator 

A i-.X;^Y*, A i(x*)= gi . 


By Theorem 12.91 A, is well defined. Let Aa, L>a be the qg -Riesz basis bounds 
for A = {A* e B(X 2 , Then for any {g;}“i e (E“i © Y *)i q we have 


A a 



Therefore 


< 


2=1 



1 


E a *^ii < 

2=1 



< 


1 


E A ‘» 


i =1 


for all G (E *=1 © Y i)i ■ Hence we get 


B~f X 11 * 


Eii A i( i ')ii , 'l x ’ eX i- 


. 2=1 


This implies that {A* G B{X^, L^*)}“ 1 is a gg-frame for X% with respect to 
{>7}°2 1 with bounds A- an d J_ an d 

OO 

x* = ^A*A iX*, x* G A'g 
2=1 


and AfcA* = From other hand the synthesis operator is invertible and 
1 . therefore f/y is invertible. So by lemma 12.6[ U~ = Ty is invertible 

and therefore {Aj}j £ N is a pg-Riesz basis for X 2 . □ 

Corollary 3.6. Let © = {©« G B(Xl,Y*)}°L l be a pg-Riesz basis for X] 
with respect to {Ywith bounds Aq,Bq, then there exists a sequence 
{©i G B(Xi, Y i )} c *L l which is a qg-Riesz basis for Xf with respect to {Yj}^ 
with bounds A-, A- and 

OO 

x = ^2 x G X\, 

i =1 


and © fe ©* = 8 k , J. 





Proposition 3.7. Let A = {A* G B(X 2 ,Y i )}°L 1 be a qg-Riesz basis for X £ 
with respect to {Yi}^ with bound Aa,-E>a and 0 = {0, G B(X^,Y*)}'?L 1 
be a pg-Riesz basis for X\ with respect to {Y*}ft l with bounds Aq,B@. If 
m G l°°, then 


AvAellmHoo ^ ||M mi A,e|| B\Bq 11ttz 11oo- 

Proof. By proposition 13.21 it is enough to show that we have the lower bound. 
Corollary 13.61 implies that there exists a sequence {@j G B^Xi.Yf)}^ which 
is a qg- Riesz basis for XI (therefore a pg-frame for Xi) with respect to { Yi\fL 
with bounds A-, and 


x = 


0*0;X, x G Ad, 


i— 1 


and 0^0* = 8k,J■ Let us fix 0 ^ y\ G Yf for each k G N, then we have 

i, A/r n ||M mA ©p|| II Y,7=i m i^i®i9\\ 

||M mA ©|| = sup - n - n -= sup -- 

0T?G*i* IIP II o ^ 9 ex* 


> sup 

fcgN 


= sup 


\\ZT=imiA*a t (e k y y * k \\ 

\\(Qk)*y* k \\ 

WrrikKvlW 


||(0jfc)*2/fc|| 


= sup | mJ- 

ll(0fc)*Pfcll 

>^A ^0 Halloo- 


□ 

Theorem 3.8. Let A = {A,. G B(X 2 ,Y i )}°^ 1 be a qg-Riesz basis for X% 
with respect to {Yi}^ and © = {0* G B(X£, Y*)}?iL 1 be a pg-Riesz basis 
for Xi with respect to {Y*}°L 1 . If m = satisfies 0 < inf lG N|mj| < 

sup igN |mj| < Too, then M mj A,© is invertible. 

Proof. Let us consider {A; G B(X 2 ,Y*)}°L l and {0, G B(Xi 1 Y i )}fL l which 
appear in Proposition 13.51 and Corollary 13.61 respectively. We prove that 

(Mm,A,e) _1 = Mj_ 

m ’ ’ 
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Let g G X *, then 


MieA oM ™,A,e(9) =M± g X (y'm i A*0^) 

i=l 

oo ^ oo 

=E^r( § ‘)' x ‘(E m ‘ A ' e ‘9) 

k=l 1=1 

OO ^ oo 

= E7r( § ‘)’(E m -L'A.-e i9 ) 

k=1 i=l 

oo -j 

= V' — {@k)*(m k Qkg) 

t^ mk 

=9- 

Let us consider / e X|, then 


uu -< 

M mA e oM iiS / =M m>A , e ( V — {Q k )*A k f) 

k =1 

oo oo 1 

= y> ( A-e ( (E— (ArL/) 

i=l fc=l K 

OO OO 1 

=E m - A '(E— e -(®‘)’L/) 

i =1 fc=l K 

OO 1 

= —A,:/) 

2=1 

=/• 


□ 


In the next results, we show that the (p, q)g -Bessel multiplier M = 
M m)A> 0 depends continuously on its parameters, m = A = {A*}?^ 

and 0 = {0i}~i. 

Theorem 3.9. Let A = {A* e B(X 2 ,Y i )}°L 1 be a pg-Bessel sequence for 
X 2 with bound B\ and 0 = {@j e B(X{,Y*)}°fL l be a qg-Bessel sequence 
for XI with bound Bq. Let p\. q\ > 1 such that A- + A- = 1 and m e l°°. 

Let A (n) = {A,- e B(X 2 ,Y i )}°l 1 be a pg-Bessel sequence for X 2 with bound 
B A („) and © (n ) = {0-^ e B(X^Y*)}°^ 1 be a qg-Bessel sequence for X{ with 
bound B e ( n ) for all n e N. 

Then 
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(1) If ||m*"* - m\\ pi ->■ 0, t/ien ||M m( „) A0 - M TO)Ai0 || -o- 0, as n ^ oo. 

(2) If m G l pi and {0-"'' ) }°^ 1 converges to {0*}°^ in l qi -sense, then 

ll^m,A, 0 (n ) — ^m,A,ell ^ n ^ OO. 

(3) If m G l pi and {A."' ) }“ 1 converges to {A i }“ 1 in l Q1 -sense, then 

ll^m,A("), 0 — M, niA ,e|| —t 0, n —)■ oo. 


(4) Let 

B\ = sup B A (n) < +oo, B 2 = sup B e ( n ) < +oo. 

n€ N n€N 

If ||— m\\iPi —> 0 and {0,j n ' ) }°^ 1 and {A- n ^}^ 1 converge to {0*}°^ 
and {A,.}“ 1 in l qi -sense, respectively, then 

l|M m (n) iA (n) !0 (n) ~ || —^0, U ~> OO. 

Proof. (1) Using proof of the Proposition 13.21 we have 

II ,A ,0 M m)A) e|| | ]^-m( n )_m , A , 0 II 

<B A B e \\m^ - mlloo 
<-£> A -Be||m^ — m|| Pl —> 0. 


(2) For g E X{, we have 


ll M m, A , 0 c»)£ - M m;A>05 r|| =|| ^ j m i h*(Q ( i l) - 0 i) 3 || 

1=1 

OO 

<Ei"*-iii A *iin0 n) - e .M 

i=1 
oo 

<^S A |m,|||(0; n) - 0i)^|| 
1=1 


<B A \\m\\ Pl 


5 ^ 11(00 

1=1 


®i)g II 91 


9i 


So 


l|M miA , eW - M„, A , e || < B A ||m|| M V ||(e‘”> - ©Oil 


91 


Ql 


->• 0. 


. i =1 


11 



(3) It is similar to the proof of (2). 

(4) We have 


m\ 


|M 


,©(") II — BiB^^rd ^ 

( oo 

ii (^-! ^ _ A-i) i 

i= 1 

/ oo 

M mAe w - M mAe || < B A ||m|| p £ ||(e! n) - e,)||« 


PI 5 


J_ 

<?1 


91 


91 


. 1=1 


Since 


(3.2) 

(3.3) 

(3.4) 


-M-m( n ),A( n ),©(' 1 ) M-m,A,©|| — ||-^-m( n ),A( Tl ),0C n ) ■^■m,A( n ),0( rl ) 

+ ll-M-m,A( rl ),e(") — M m Ai ©(n) || 

+ ll^m,A,©( rl ) ^^m,A,©||j 


(I3.2[) , (13.31) , (13.4p imply that 


^A(“),©("),ra(“) — MA,©,m|| ~^ 0, Tl —> OO. 


□ 
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